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Chiral Quantum Hall States

Bulk insulating state
with zero conductivity

A 2D quantum Hall state
is like an insulator but has 
chiral edge state, 
quantized non dissipative
Hall conductivity
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Klitzing, et.al. PRL (1980). Nobel prize in Physics 1985

Both states of matter are differentiated by Chern
number as a property of occupied Bloch functions
of the bulk crystal.
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Topological Quantum Materials

Bernevig, B. A., and S. C. Zhang, (2006)
Also Kane and Miele (2005)

Quantum Hall state permits
conduction in one dimension
along sample boundary

Quantum Spin Hall state at
zero magnetic field permits
conduction in spin filtered edge
states. (HgTe-CdTe quantum 
well structures) 

Quantum Spin Hall Insulator (2D Topological Insulator)



Topological Insulators in Three Dimensional Solids

2D 3D
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Edge states in 2D become surface states in 3D
The electron energy is a “relativistic” linear 
function of momentum

Dirac cones dispersion 
with Fermi surface 
as a circle. Spins are 
perpendicular to 
momentum 
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Fermi surfaces of regular metals are complex. No guiding principles to design 
good conductors Cu

Pd Nb

In transport (such as electrical conductance) backscattering (qkk'=) dominates
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Fermi surfaces in topological quantum materials are simple! 

3D Topological insulators - the Fermi surface is a circle. 

2D Topological insulators - the Fermi surface is a couple of points. 
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The backscattering in 2D topological insulators is completely suppressed -
Disorder tolerant conductivity of edge states!

The 180 degrees backscattering in 3D topological insulators is also suppressed!

kx

EFermi

Non magnetic 
impurity



 So far discussion on single-surface 
phenomenon

 Charge current 

 → Fermi surface shiŌ
→ Spin accumulation

Spin Polarized Currents in 3D Topological Insulators

Charge current along "x" induces spin current with polarization along "-y"

Spins in TIs can carry information for novel spintronic devices. 

Topological nature of band 
structures is ignored!



Spin Dynamics in 3D TIs

OUR PICTURE : An electric field driving 
charge current at the surface also induces 
a transverse spin current in the bulk. 

Opposite spins accumulate on top and 
bottom surfaces, leading to charge current

However, spin is not conserved, and 
relaxes quickly

OUR FINDING: At high disorder, 
conductivity and spin relaxation time 
increase with disorder in contrast with 
common belief

A practical strategy for enhancement of surface spin polarization is the increase 
of nonmagnetic impurity concentration (A. Peng, Y. Yang, R. Singh, SS, D. Yu Nat.Comm. 2016).



Simulations of Transport in TI Surface

A realistic 4-band tight-binding model with parameters fitted to Bi2Se3

The slab is infinite in xy directions 
and has a total number of N = 10 
layers in the z direction (c-axis).

The energy dispersion 
of the surface states of a 
clean system. A Dirac 
cone exists around the 
Gamma point



c=0.001 c=0.01

c=0.1
c=0.5

CPA Simulation of Disorder Affected Surface States 

Top and bottom layers are subject to vacancies, each surface atom has a 
probability of c to be occupied by a vacancy and (1 - c) to be intact.

Dirac cone reappears at high disorder!



Conductivity xx plotted against the 
impurity concentration (c). The Fermi level 
position was fixed at  0.13 eV.

Surface Charge Conductivity

Calculations of conductivity based on Kubo-Greenwood formalism

Contrasted to conductivity of a single 
layer of atoms with same band 
structure (identical shape as TI 
surface state, but no spin current via 
bulk): conductivity monotonically 
decreases towards zero, even in high 
disorder range (similar to graphene)



Computation of Bulk Spin Hall Conductivity

Spin Hall conductivity has two contributions: 
Fermi states and Berry phase term 
contributed by all states occupied! (Sinova 
et. al, RMP in press 2015)

Spin Hall conductivity is insensitive
to disorder, all-states term dominates!

Non-dissipative nature of the spin current, 
as already demonstrated for a wide class of
traditional semiconductors, 
Murakami, Nagaosa, Zhang
Science, 301, 1348-1351 (2003)



Physical Picture of Spin Current via Topological Connection between 
Bulk and Surface States

Evolution of wave functions along the colored dots: As wave vector becomes larger, 
wave function evolves from being localized @ surface to the bulk.

Drift motion along x in k space gives rise to spin transfer in z direction of real space, 
which results in a pure spin current through the bulk.



Spin Relaxation Mechanism

Spins injected onto the surface  suffer 
from immediate relaxation when it 
scatters from k to k' due to famous spin-
momentum locking property of TIs:

Spin relaxation time ts determines spin 
density accumulated on the surface. If 
disorder is small, spin relaxation ts and 
momentum relaxation times tk are 
proportional to each orther due to spin-
momentum lock-up

ts

tk



Spin Relaxation Mechanism under High Disorder

• Frequent scatterings: electrons rapid 
momentum change, spin does not have time to 
follow the instantaneous energy eigenstate. 
Instead, spin precesses about instantaneous 
energy eigenstate, serving as "magnetic field"

• Frequent scatterings change the precession 
axis. During the interval of two consecutive 
scatterings the spin can only precess for a small 
angle. The more frequent the scatterings are 
and consequently spin can preserve its original 
direction for a longer time.

Analogous to Dyakonov-Perel (1972) 
mechanism in semiconductors: spin 
relaxation time is inverse to 
momentum relaxation time

ts

tk

Achieved by higher concentration of disorder!

Strategy for enhancing surface spin polarization is to increase nonmagnetic 
impurity concentration



(Wan, Turner, Vishwanath, SS, PRB2011)

From Topological Insulators to Weyl Semimetals



Weyl Semi-Metals



Weyl Points act as Monopoles of Berry Flux



Monopoles Give Rise to Surface States and Fermi Arcs

WSM



Spin Arrangement along Fermi Arc States



Measuring Surface Transport Effects in Semimetals



Intra-Arc and Arc-Bulk Scattering in Weyl Semimetals

With negligible bulk density of states at the Fermi surface, surface
transport properties are dominated by intra-arc scattering.



Transport Relaxation Times

r-1~1/tElectrical Resistivity 



Single Fermi Arc Scattering is Strongly Suppressed

X X X

No backscattering for single arc, only side scattering exists

A semicircular arc model: angle q spans from 0 (straight arc) to 2 (circle)
by keeping the length sF=rFq constant 



TI Limit without SpinTI Limit with SpinTransport Coefficient as a Function of Arc Curvature

Phase space for transport scattering:

Vkx

Vk+qx

q

jx=xxEx



Transport Coefficient as a Function of Arc Curvature

Transport coupling constant calculated for several choices of matrix elements 
of the electron phonon interaction. It disappears in the limit of straight arc.



CPA Simulations of Disorder: TB Model for Weyl Semimetal

Slab calculation shows the straight arc:

Bulk

Slab



Effect of Surface Vacancies on Electron Self-Energies

Slab simulations with Coherent
Potential Approximation (CPA)

Imaginary part of self-energy for WSM 
model vs TI model with comparable setups 

ImSWSM <<ImSTI 

Fermi arcs appear to be much more disorder tolerant than Dirac cones states of TIs!



Conductivity vs Surface Vacancy Concentration

The conductivity of WSM is 10-100 times larger than that of TI

Kubo Greenwood conductivity for WSM Model vs TI model with comparable setups 
Lo
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Recent Experimental Discoveries: TaAs



Spaghetti for TaAs Slab 



Fermi Arcs in TaAs: LDA and ARPES



Slab of TaAs unit cells

Slab of TaAs unit cells

12A vacuum layer

Vacancies replacing As atoms
at bottom surface layer

Simulations of Surface Disorder in TaAs

Construct a long slab along z axis (min 6 unit cells per slab, 24 atomic layers) 

Perform LDA+CPA simulation, burn lot of CPU time 

Vacancies replacing Ta atoms
at top surface layer



LDA+CPA Band Structures for TaAs (One Unit-Cell Slab)



Results for 24 layers (6 unit 
cell slab)

Effect of Disorder on Fermi Arc States in TaAs

Fermi arcs dissolved much slower than regular surface states 
(in accord with simulations on models)

LDA+CPA simulation of 
surface vacancies effect 
on electronic states of 
TaAs for various strengths 
of disorder



Computation of Surface Conductivity in TaAs

Calculated conductivity for top 4 layers of TaAs 24 layers slab using Kubo 
Greenwood formalism and CPA simulating the effect of surface vacancies at 
the topmost layer



In Topological Insulators

 Topological nature of band structures demands a pure spin current between
two opposite surfaces and consequent spin transfer. 

 High level of nonmagnetic disorder can suppress spin relaxation, allowing 
substantial increase of spin accumulation at the surfaces. 

In Weyl semimetals

 Single Fermi arc scattering is strongly suppressed (disappears for straight 
arc), the result of collapsing phase space in Boltzmann transport.

 Fermi arcs show much greater disorder tolerance than Dirac cones, their life 
times and conductivities are two orders of magnitude larger

 Fermi arcs in TaAs are affected by surface disorder, but dissolve much slower 
than regular surface states. Surface conductivity is weakly disorder dependent

Conclusion
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