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Outline
• The recent progresses in detecting and braiding Majorana zero modes

• Majorana spin properties and their applications in detecting and 
braiding

• Spin-statistics theorem and ribbon equation: from worldline to 
worldribbon

• Braiding Majorana zero modes in spin space



Majorana fermions in condensed matter 



Proximity induced topological superconductors

• Theory

• Experimental observation

Liang Fu and C. L. Kane (2008)

Jin-Peng Xu …, Jin-Feng Jia, PRL (2015)



Proximity induced topological superconductors

Theory: Sau et al, PRL (2010), Lutchyn

et al, PRL (2010),  Oreg et al, PRL 

(2010), Alice, PRB (2010), …..

M. T. Deng, … H. Q. Xu (2012) 

Mourik et al, … Kouwenhoven (2012) 



Proximity induced topological superconductors

• Ferromagnetic chain + spin-orbit coupled superconductors

Stevan Nadj-Perge, et. al, Science (2015)



Detecting Majorana: zero bias peak

arXiv.1710.10701



Detecting Majorana:4π Josephson effect

J. Wiedenmann, et. al, (2016)

Leonid K. Rokhinson, et. al, 2012



Unusual Josephson effect

Yuan Pang,…, Li Lu, 2015



Intrinsic or proximity?

arXiv.1706.06074
arXiv.1706.05163



1D system (J. Alicea et al., Nature Phys. 2011)
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Four Majorana modes
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𝑈12 = 𝑒
𝜋
4𝛾1𝛾2

Kouwenhoven group, Science (2012)
H. Q. Xu group, Nano Lett. (2012)
A. Das et al, Nature Physics (2012) 
A. Yazdani group, Science (2014)
C. M. Marcus group: Science (2016) 

𝛾1 ⟶ 𝛾2
𝛾2 ⟶−𝛾1



Non-Abelian braiding of Majorana Kramers’ pairs

𝛾1 𝛾2

𝛾1 𝛾2

Definition: the braiding operation for exchanging two Majorana Kramers’ pairs, but without local 
operations of two Majorana modes in a single Kramers’ pair.

1) General case 2) 1D version

𝑈12| ൿ0෨0 ⟶ | ൿ0෨0 , 𝑈12| ൿ1෨1 ⟶ | ൿ1෨1

𝑈12| ൿ0෨1 ⟶ 𝑒𝑖𝜙| ൿ0෨1 , 𝑈12| ൿ1෨0 ⟶ 𝑒−𝑖𝜙| ൿ1෨0

Braiding operation:

Condition: 𝑈12
4 = 1, then: 𝜙 = 0, π/2, or π.

Consider the special case with two decoupled time-reversed copies: 𝜙 ≡ 𝜋/2.

𝑈12=𝑒
𝜋

4
𝛾1𝛾2𝑒

𝜋

4
𝛾1𝛾2

XJL, Chris L. M. Wong, and K. T. Law, PRX 4, 021018 (2014); 
Gao, He, and XJL, PRB 94.224509 (2016).

So, generically:



Typical challenges

2.  Misalignement of nanowire with external B field.

1. Complexity of moving Majorana through junction, non-adiabatic effects. 

3. Multi-channel, multiple low-energy modes, quasiparticle poisoning.……

nanowire (InSb)

Bulk s-wave SC (NbTiN)

Zeeman fieldVy

Vx

𝜃 > 𝜃𝑐

XJL, Phys. Rev. Lett., 109,106404 (2012)
XJL and A. M. Lobos, Phys. Rev. B 87, 060504 (R) (2013)

𝜃 > 𝜃𝑐 :trivial

CWJ Beenakker group:

Coulomb-
assisted 
Majorana
braiding

supercurrent-assisted 
Majorana braiding

PRB 87, 241405 (R) (2013)

𝜋-junction 
manipulation



Other improvements

T. Karzig, C. Knapp, R. M. Lutchyn, P. Bonderson, M. B. Hastings, C. Nayak, J. Alicea, K. Flensberg, 
S. Plugge, Y. Oreg, C. M. Marcus, and M. H. Freedman, PRB 95, 235305 (2017)

X. Liu, X. Li, D.-L. Deng, XJL, and 
S. D. Sarma, Phys. Rev. B 94, 
014511 (2016).

Majorana spintronics

Parallel junctions: external magnetic field can align with all topological superconducting wires. 
Braiding by measurements.

Scalable designs 
for quasiparticle



Braiding



Why considering spin-property of MFs?

• Electrons are the basic particles in the devices which can support Majorana
fermions. So Majorana fermion must has spin degree of freedom.

CHARGE

SPIN

Two parts to his
personality !

Mr. Electron

Spinless =  Spin is useless



• MF: equal weight superposition of electron and hole

• Majorana fermions satisfy

• This requires

How spin appear in MFs

𝛾 = 𝑐 + 𝑐†
σ σ'

𝛾† = 𝑐† + 𝑐 = 𝑐 + 𝑐† = 𝛾σ σ' σ'σ

𝜎 = 𝜎’

𝑐 𝑐 ≠ 0

𝑐𝜎𝑐𝜎 ≠ 0



Spin-triplet nature of Majorana zero modes

Time-reversal symmetry broken

Time-reversal symmetry respected



Manipulating MZMs by spin degree of freedom

• Magnetic field or magnetization (Zeeman field)

• Spin-orbit coupling

k2f

k1f

E

k2f

k1fE



Detecting and braiding with spin degree of freedom

• Zero bias peak     

• 4π Josephson effect

• Braiding

Hao-hua Sun, . . . Jinfeng Jia (2016)

S. Vaitiekenas, …, C. M. Marcus (2018)

Lingjie Du, …, Rui-Rui Du (2017)

???

???

(2016)



Spin-statistics theorem
• The relation between spin and statistics from flux-charge composite

Phase from exchange Phase from self-rotation

Jiannis K. Pachos (2013)



From worldline to worldribbon

• Worldline: track the history of particles in spacetime

• Worldribbon: track the history of particles in both spacetime and 
internal degree of freedom

• Ribbon equation:  



An intuitive picture for non-abelian statistics

1 2
= -

1 2

= 
2 1



Majorana form and robust full braiding
• Proximity induced topological superconductor and Majorana form

• The accumulated phase through closed adiabatic evolution

dynamic phase + Berry phase + monodromy phase

 E=0

 Berry connection:                           = 0

 Monodromy phase = nπ



Majorana spin property in 2DTI based system

M



“Braiding Majorana zero modes in spin space: from worldline to worldribbon” 

Xun-Jiang Luo, et .al., arXiv:1803.02173

SOC

Majorana spin ⊥ SO axis

https://arxiv.org/abs/1803.02173


• The Majorana spin will acquire a π
quantum phase.

• The Majorana spin will acquire 0
quantum phase.

full braiding vs no braiding

M

𝛾1,2 ⟶−𝛾1,2
full braiding

𝛾1,2 ⟶ 𝛾1,2
no braiding

𝛾1 𝛾2



Single braiding



Two theorems

“Braiding Majorana zero modes in spin space: from worldline to worldribbon” 

Xun-Jiang Luo, et .al., arXiv:1803.02173

https://arxiv.org/abs/1803.02173


• Four Majorana zero modes build one qubit

• The qubit states for different fusion space

The Majorana qubit 



The transformation between the two fermionic space



• FI basis • SC basis

Braiding operations in two basis

charge pumping

Nat. Phys., (2008)



• Numerical simulation in the presence of (static and dynamical) disorder and finite size effects

𝛾1,2 ⟶−𝛾1,2
𝛾3,4 ⟶ 𝛾3,4

After a full braiding

Numerical results

Two magnetization trajectories



Conclusions

• The Majorana zero modes in solid have universal spin property

• The detecting and braiding MZMs have spin counterparts

• Worldlines should be extended to worldribbons when considering 
Majorana internal degree of freedom

• Braiding Majorana zero modes can be achieved in Majorana spin 
space
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