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Outline

O A brief introduction to Kitaev honeycomb model
O The construction of exactly solvable models

O Generating new models: 1D, 2D and 3D

O A particular example in 2D: a Mott insulator model

O 3D examples and possible realization in real

materials



Kitaev Honeycomb model

Spin-1/2 model (compass model) Kitaev (2006)
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Existing generalizations

Spin-1/2 models in 2D

v" Yao, Kivelson (2007); Yang, Zhou, Sun (2007); Baskaran, Santhosh, Shankar
(2009); Tikhonov, Feigelman (2010); Kells, Kailasvuori, Slingerland, Vala (2011); ...

Spin-1/2 models in 3D

v' Si, Yu (2007); Ryu (2009); Mandal, Surendran (2009); Kimchi, Analytis, Vishwanath
(2014); Nasu, Udagawa, Motome (2014); Hermanns, O'Brien, Trebst (2015);
Hermanns, Trebst (2016); ...

Multiple-spin interactions

v Kitaev (2006); Lee, Zhang, Xiang (2007); Yu, Wang (2008); ...
SU(2)-invariant models
v F. Wang(2010); Yao, Lee (2011); Lai and O. I. Motrunich (2011); ...

Higher spin models

v" Yao, Zhang, Kivelson (2009); Wu, Arovas, Hung (2009); Chern (2010); Chua, Yao,
Fiete (2011); Nakai, Ryu, Furusaki (2012); Nussinov, van den Brink, (2013); ...



Our goals

O Provide some generic rules for searching generalized Kitaev

spin-1/2 models in arbitrary dimensions.
O Constrict ourselves on spin-1/2 models.

O Demonstrate some models of particular interest.



Construction of spin-1/2 models

Basic idea: (O Construct exactly solvable 1D spin chains and 2 then
couple them to form a connected lattice in arbitrary dimensions.

Steps:

(M Construct spin-1/2 chains that can be exactly solved by the
Jordan-Wigner transformation.

@ Couple these chains to form a connected lattice on which the
spin-1/2 model can be still exactly solved by the Jordan-Wigner
transformation.

Parquet rules:
‘(D Elementary rules |
(2 Supplementary rules



Sites and links on a lattice

-0 Consider a d-dimensional cube, d = 2,3,4, -
O Site labelling: n = (nq,ny,---,ny), 1<n;<1L; j=1,d
.0 Ordering of sites
O Define anumber, N = ny + Y&, (n; — 1) [T)_; L;, for each site n;
| O IfN < M,thenn < m.
'O Link: a pair of sites (n, m)
O Locallink: 3%, |n; —m;| = 1
O Nonlocal link: ¥ 4|n; —m;| > 1
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Construction rules

Model Hamiltonian

[ H=H? +HZ  +HW J

local nonlocal nonlocal

Interactions

(2) . —cni ap a ZZ z Z
O H, . ,:local two—spin terms,]n,nﬁan o, .+ and Sk OnOnites
(2) . - 1 ZZ Z 7 -
O Hr(zm)uocal- nonlocal two—spin terms, /57,0, Jﬁm, ;
M . . . a a 7
O H, - ., nonlocal multiple—spin terms, J, 0 6| [Th<i<m 07 |0t etc,

wherea, 8 = x,y, andk =1,--,d.



Construction rules

O Firstly, divide the lattice into white (w) and black (b) sublattices
arbitrary.

_____________________________________________________________________________________

O Elementary rules:

(D For a (local or nonlocal) link (n, m): “—= x—bond| OL07,

. anx-bond is allocated forn e wand m € b; | e—— y-bond| 030,
a y-bond is allocated forn € band m € w; | e xy—bond| aXol,
an xy-bond is allocated forn € w and m € w; | e ~® yx—bond| 620%,

- ayx-bond is allocated for n € b and m € b; conts z—bond| oZo?

'@ Different z-bonds are not allowed to share the

. same site. '

beyond compass models

_____________________________________________________________________________________



Construction rules

Exactly solvability: quadratic fermion terms

Jordan-Wigner transformation
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Construction rules

Exactly solvability: biquadratic fermion terms

2Z 7 2 Majorana fermion representation
nm+¥n+¥m
I 3 A ST T : & g TrT e
L OnOm = ’Dnma{nﬁ)"m E NE W, Thn = € + Co a0d 1 = d{en —€n)

n c h. In — ! (('jl _ ('u) illl(l Tn = (.,T'_+_('”

R RREEEEEEbh : 'O Elementary rules:
E Dpm = ii"}n”m E i @
"t n&m € the same Sublattice E @ Dlﬁ:erent Z-bOﬂdS are not aIIOWEd
"+ " n&m € opposite sublattice o to share the same site. |
O The eigenstates can be divided into |Drms D] = 0, [Dyum, H | = 0.
different sectors according to {D,,,,,}. {D,,;,} : asetof good quantum #s
O In each sector, allowed spin terms are
trasformed to quadratic y—fermion D2.=1=D,,=+1

ferms.



Construction rules

_______________________________________________

' Majorana fermion representation

neuw,n, = (»',T, + Cp and Tn = ’((r'v - (‘”_)

i

N ‘ nebn, =1 ((',T, - (",,) and v, = ¢! +en,

~——— - ————

[t is possible that some isolated 7, do not show up in H,, = local degeneracy

To lift the local degeneracy: couple isolated n,, using nonlocal terms

quadratic n—fermion terms quadratic y—fermion terms
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Construction rules

Duality

O A similar duality relates topological trivial and
non-trivial phases in interacting Kitaev chains.
; J.J. Miao, H.K. Jin, F.C. Zhang, YZ (2017)
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Construction rules

Shortcut multiple-spin interactions

New multiple-spin interaction

A I z z a€ z
[I(T”(Tn-f-lnn—%—lﬁu-f—l—i-'.’ 0-"(7-”+| n«—l—-'.ZJ
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Construction rules

O Supplementary rules:

(D Toadd n-fermion quadratic terms using a nonlocal link (n,m): nandm
| are not allowed to coincide with site connected by existing z-bonds in the
original Hamiltonian constructed subjected to the two elementary rules. |

(@ To add shortcut multiple-spin interactions: for a step along the 1-direction,

the two-spin term should be o;"a,_ ; With a, B = x, y; for a step along the

other directions, the two-spin terms should be o7 o/, 5 with § = 1, and
there must exist a local z-bond on this step in the original Hamiltonian.

® Inthe above, the indices @ and 8 should be chosen as follows: for [ € w
' andl+1€b, (a,f)=(x,x);forlebandl+1ew, (a,p)=(,y);
forlewandl+1€ew, (a,p8) = (x,y);forlebandl+1 € b,

(a,p) =, x).

_________________________________________________________________________________________________________________________________



Generating new models: 1D examples

Three parent models in 1D

_______________________________________________________

_______________________________________________________




Generating new models: 1D examples

Three parent models in 1D

| v\/\/\v\/\/\vvv\vvv\vvv\ xy bond
i il i SN —:l...:x ......... ( —i..i x-Z bond E
(2) split one site and insert a local bond
Models with enlarged unit cell v
WV\VW\\/\/\/\ xy-z bond ! ~ ® x—bond
i i i E +=——_ y—bond
| —"‘\/\P:=:=_“:\/\’ x-yx-y bond i A xy—bond
i i i E . \% yx—bond
E . e R : 8 _-.'= X"Y"'z bond : ) z—bond




Generating new models: 1D examples

-------------------




Generating new models: from 1D to 2D

Two parent models in 2D

———e—— ——e———=—— X-y bond I:> ; -; /\/\/

SVAVAVASVAVAVAS VAVAVASVAVAVATE VAVAVASREE YA oTe ]y e I:> WWVW\V\N\VVV\-WV\ @“"ﬁ,‘ﬁ"»\,\ﬁ

couple through z—bond




Generating new models: 2D examples

Duality transformation can be performed along each chain independently.

______________________________________________________________________

______________________________________________________________________

(a) - : —@ x—bond

: : e——_ y—bond

— - !— /\/\/ AN xy—bond

e ~"% yx—bond

_____ * "\/\/ yZ—bZ:d




Generating new models: 2D examples

Split sites and insert nonlocal bonds

-------
‘‘‘‘‘‘‘
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H i 2 .
_=:'_=" 3 B
E """""" E """""
—. .n E :
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Three types of unit cells

Generating new models: 3D examples

Two parent models in 3D
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2D example: a Mott insulator model

r: gt H = Hy+ H,. (1a)
NN = NN =—}—@ " g
‘ ’," ’," i " HU - Z]O" 1()’ )—f—],,,(f_.)()',;+I,,f7/{(7;-‘",“,._|
)’,—D—,M\(Z;D—,C\N\C’;D—,. -
" w7 e 2 ——1(7 1O F 4.2 (1b)
l/=D’—”'\M-’=D'_,:.\M‘”=D—,/. H| = Zf (T, ;(7,.._, [0,.+., )n,r, 3
:‘jh[}—.vvy’ 3 :,f./h’D—MV =i '
fll()-l i(Tl—f—l I(Tr—i-u )(T" 0.3 (1(")
(b)
X X ¥y V ¥ 3 s ’\‘/.
ONO O8Om0, .- H: two—spin interactions
X X
. : e
O @m0 =] e H: four—spin interactions
| .
¥y — lift local degeneracy
(c)
/_\' 5 2 ’/.r
Elementary plaquette & Flux operator
= A
X 3 Z ¥
N Y . 2 P xr
@p = "”r-,]”r.-_)”r.:s(’m.i-.lﬁ 4, 207 +.1¢ 073 + .30 F—344.2




2D example: a Mott insulator model

Majorana representation Jordan-Wigner transformation

® N = ('}r, + ¢, and 3, = ,'((~'l" = (_.”)

!

+

O ¢ Nn = (((,', — ('”) and 3, = (.j" + ¢, Static ZZ gauge field: Dy = I"I[,'."ll],v_','._f_.,’)_'_)

T Q.
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T X T z z y = 2 A
¥ 5 " O--—:-® T7 30742 197+2,20 7453 = V7317 +2.3
O--==@=+=:=0==-={] 3T .
P OE 08 s 108, 400 = —iDpraNr3Nrsg;
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2D example: a Mott insulator model

______________________________________________

" Separation of degrees of freedom
. H=Ho+ H, i
i :H,-"ﬁ ® HD+H//3 QCHD E
v Dr = ineai—g+q.2 /
1_; 1 2 (3T T I
¥ N NC—1+—0 . ;
" L L T T Majorana representation
s e e ® M = ¢l + ¢, and B, = i (c! —¢p)
e AN AA——8 s : .
s 7 s 7 it O o N =1 ((',', — (',,) and 3, = ('j, + Cn
5 e / e
@A=L NN

Hy: Absence of 113 — 2"xlv/2—fold degeneracy:
H: Lift the local degeneracy |

_____________________________________________________________



2D example: a Mott insulator model

Lift the local degeneracy r’ I T .
¥ ,ovwf)#'(j—,wv\x;)=c1—|—,
P R S — ~ 2l
T T TSI T JTTTTTTTTTTTmTmm ey ':)=D—ww’/ . AN e =
' Hy: Free Majorana fermions 73 on a square ;
 lattice, coupled to a static Z, gaugefield Dz | —0—e0—e  —0—e
_________________________________________________________ P ’ - / -

Ground state: m — flux state, ¢, = —1, on every plaquette

Energy dispersion: m — flux state

e,m(l_ﬁ;) = i\/(t_.r, sinky)? + (¢, sink,)?




2D example: a Mott insulator model

Boundary conditions: open BC vs. periodic BC

ﬁBoundary terms — JW transformation\

Open boundary condition

O Good quantum #s: Dz

O 2%v-fold degeneracy: Majorana
zero modes at edges

Y Y

-~ % -
. y -

Fluxes on edge plaquettes
Q:)p == D[

,_1..‘11..,,D1.ri.,, Fn.y

K GJ}) - D1~”.u D'3~“u Ny +1

— 5k [
aLJ.,"g.:SO-.I.-IIH.l - l"-iL.]'A‘]l.y ~‘;‘L_31.72 yi

,";T"\' { { _
Fn.y = [g"l iy l\"'u — Zn_-,:.,u n

Mg Ty - [

~

1 Fn..y

~

/

Periodic boundary condition

O Good quantum #s: {¢,,, @, D, }

O Z, global fluxes: ®,, ®,

~

¢, = ﬁ?ny:1 (i)y = H

n y

D'F':(l,n.y)



2D example: a Mott insulator model

Degrees of freedom: a3 X L, X L,, lattice

O Possible spin states: 23LxLy

O Possible fermion states: 234<t»* Half of the states in the fermion |
O {¢,, D, D, }: 28xty*1 ' representation are unphysical. |

Ca2LeLe L
O {033, P71, P2 Pz} 275y

Origin: {¢,,, ®,, @, } is presumed.

Projection: to remove the unphysical states

~ ~

[}5 - (1 =t FF)/Q ] total fermion # parity: F' = H-n._,, F,,‘y

Deductions:

(D For a given set of {¢p, Px, Dy}, the projection P survives half fermionic states
with compatible F.

@ A physical spin excitation should be composed of even number of fermions.



2D example: a Mott insulator model

Ground states: topological degeneracy

O Ground states: m — flux states

O Unprojected degenerate ground states:
P, =11,0, =+1

O Topological degeneracy: AE < 1/L

O Projection: survives 3 ground states

O p|G>q3x=q)y=1 =0 for L,,L, = even

O Pairing terms vanish at g, = g, = 0

O Robust against disorders

1 = (9.,9,) =(1,1)

AFE

(l‘prv‘py):(l'—l)
o —o— (PayBy) =(—1,1)
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2D example: a Mott insulator model

Bulk spinon excitations

O m — flux states: magnetic unit cell

O 6 sites in each magnetic unit cell
O Six bands for f-Majorana fermions
O Two point nodes: (0,0) and (0, )

O Dirac-like dispersion around nodes

1.0 ]

P> 9




2D example: a Mott insulator model

Breaking time-reversal symmetry (TRS)

O Magnetic field ) h- On

1.0

O 3 order perturbation: exactly solvable el
' h? A T . y -z U ~ 1
H: = A2 E :O'i“.la'r’.'zar",:}+0F.2U‘F.:SO--F+,;>_1 w00
(N P

Y z & 2 X y
T057307+5,107+2,2 T Or107-349107_34+4,2 -051

Y < z Y r b
107107207 5+4.2 T Or 3071510 74+§,2

Z T L
TO7 107 545,207 —+4,3)

O Chern numbers

C# = (-1,-1,1,-1,1,1)

O 5t order perturbation: open a gap for n; MFs



2D example: a Mott insulator model

Breaking time-reversal symmetry (TRS)

O Z, vortices r bk B gum i o
O PBC: even # of vortices el ™ G
O A pair of vortices = SO "0 B
O One Majorana zero mode (MZM) | T il -
in each vortex core center Ot r——aa
O Extra double degeneracy due to
MZMs?
O MZM changes Fermion # parity
— Projection removes half states.
O 4-fold GS degeneracy regarding
global fluxes @, and ®,, -
O 2n well-separated vortices
O 2"*1-fold degeneracy

(a) (b)




2D example: a Mott insulator model

Summary

O Mott insulator model: odd number of spin-1/2 per unit cell.
O Algebraic quantum spin liquid ground state.
O Ground states are of three-fold topological degeneracy.
O Bulk spinon excitations: two Dirac nodes.
O Breaking TRS
O Topologically nontrivial spinon bands: odd Chern numbers.

O Z, vortices obey non-Abelian statistics.



More models in 3D

Generate new models from an existing model.

hyperhoneycomb hyperoctagon

Si, Yu (2007); Ryu (2009); Mandal, Surendran (2009); Kimchi, Analytis, Vishwanath (2014); Nasu,
Udagawa, Motome (2014); Hermanns, O'Brien, Trebst (2015); Hermanns, Trebst (2016)



Possible material realization

Metal organic framework (MOF)

@ @ ,
.,‘oc.‘, e « A oF
.gf/\' .\‘(
(S
® { 1%
ngt € 199 Jicg &/‘

Hyerhoneycomb: Cu-network

Zhang, Baker, ..., Pratt, et. al. (2018)



Summary

O Construct a class of generalized Kitaev spin-1/2
models in arbitrary dimensions

O Beyond the category of quantum compass models

O Provide some methods to generate new models

from existing models.

O A particular 2D example: Pristine Mott insulator.
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