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Supervised learning:

J. Carrasquilla, R. G.Meiko, Nat.
Phy. 13, 431-434 (2017). (Ising)
P. Ponte , R. G. Melko.
arXlv:1704.05848

Unsupervised learning:

L. Wang, Phys. Rev. B 94.195105
(2D Ising)

S. J. Wetzel, arXiv:1703.02435 (2D
Ising , 3D XY)

W.J. Hu, R. Singh, Richard
Scalettar, arxiv:1704.00080. (2D

Ising on triangular lattice, -, 2D
XY)



Principle component analysis

Diagonalization.
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Example : PCA on 2D XY model on square lattice

H= JZCOS(&; —0;)
(i5)
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S. J. Wetzel, arXiv:1703.02435
W. J. Hu et.al. arXiv:1704.0080



Example : PCA on 2D XY model on square lattice

H= JZCOS(&; —0;)
(i5)
PCA
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Example : PCA on 2D XY model on square lattice

H= JZCOS(&L- —0;)
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A toy model

Low T p O = 04 + HighT.1-p 04 6p uncorrelated  x, = (cosfa,cos0p,sinf4,sinbpg).
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A toy model

Low T p O = 04 + HighT.1-p 04 6p uncorrelated  x, = (cosfa,cos0p,sinf4,sinbpg).

A=A =(1+p)/2

A O 1 1 -1 u; « (1,-1,0,0),
Sl:(o A) AZQ(—l 1) Sh=1/2 uz « (0,0,1, -1).

A / 8 / ’ 7 S=(1-p)Sn+pSi.
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A toy model

Low T p O = 04 + HighT.1-p 04 6p uncorrelated  x, = (cosfa,cos0p,sinf4,sinbpg).

A=A =(1+p)/2
Az =AM = (1—p)/2

A O 1/ 1 —1 u; « (1,—1,0,0),
Sl_(O A) AZQ(—l 1) Sn=1/2, ug < (0,0,1,—1).

A / 8 / ’ 7 S=(1-p)Sn+pSi.
/

[,, (COS 6, sin 9) l, o (cosfs — cosfp,sin D4 — sinGB)
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A toy model
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A toy model
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A ) Sh :I/Q,

Zn = (cosby,...,co86;,...cosfr,sin b, ...sinb;, ...sin 0y, )

M=2= (1+(L/2-1p)/2 =01-p)/2 (i>2)

u; < (1,-1,...,1,—-1,0,0,...,0,0),
us x (0,0,...,0,0,1,—1,...,1,-1).

LowT. 1, x (cos@,sinf) High T ln < (0,0)



A toy model
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M=2= (1+(L/2-1p)/2 =01-p)/2 (i>2)

u; < (1,-1,...,1,—-1,0,0,...,0,0),
us x (0,0,...,0,0,1,—1,...,1,-1).
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Ising model

/2

L. Wang, Phys. Rev. B 94.195105(2016)

2D square lattice XY
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Temperature resolved PCA

Square lattice
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What if the model has more than one order
parameters or phase transitions?



Triangular lattice

Frustrated XY model:  # =7 "cos(6; — 6;)
(id)
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Triangular lattice

Frustrated XY model 1 # =7 " cos(6; — 6;)
(i7)

4 2
9A-4—7T:€B—2—7r=90 Oa+ o =05+ 5 =00




Triangular lattice

Two close phase transition:
/2 chiral order ~ T = 0.512]
U(1) spin order ~ T = 0.504]

J. P. Lv et.al Phys. Rev. B 87,024108 (2013)
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Triangular lattice

Low T: p/2 _%_9 ___9
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Triangular lattice

47 2T
A 3 B 3 C

Low T: p/2
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Triangular lattice

Low T: pl2 QA_4_’?T:93_2_7T:90

N

,0/2 9A+4?W:93+2?ﬂ:90

U = (dz,O);
ug = (0, d2);
uz = (dy,0);
Ugqg = (0, dl)

2 4

di1 < | 1, cos " , COS " x (2,-1,-1),
3 3

do (U, sin (2;) , sin (dl::)) x (0,1,—1).

IT ~ (—siné,cosf,cosf, —sinf)

I} ~ (sin@, — cos 6, cos 6, sin 6)



Triangular lattice

Low T: p/2 9,4—4;:93—2%:90
,0/2 9A+4?W:93+2?ﬂ:90

Ul = (d270)3
Ug = (07 d2)7
uz = (d1,0);
Uygq = (0, dl)
—sin @, cos 0, cos §, — sin #)

(sin 6, — cos 6

,cos 0, sin 0)



Triangular lattice

Low T p/2 Am 27

QA—?_GB—KZQC
4 2
,0/2 9A+?ﬂ-:93+?ﬂ:90
] 1 -1 _1
_(AO _ 1 42 1
-3 =7 1

Uy = (d270)3
Ug = (07 2)7
uz = (d1,0);
Uygq = (0, 1).
\..0
e
IT ~ (—siné,cos b, cos¥,
I¥ ~ (sinf, - cos, cos 6

—sin )



Triangular lattice

Low T: p/2 9,4—4;:93—2%290
,0/2 9A+4?W:93+2?ﬂ:90

up = (d17d2)7
ug = (do,dy);
uz = (dq, —ds);
Uqg = (—d2,d1)

d1 (1, COS

( 1
dy (0, sin (2;) sin (4;)) x (0,1,-1).

I’ ~ (0,sin#, cos @, 0)

I ~ (cos#,0,0,sin )



Triangular lattice

Low T p/2 Am 27

0p— — =0g— — =10
A 3 B 3 C
/0/2 9A+4§:93+2§:90

(0,sin 0,

(cos ¥, 0.

cos 6,0)

0,sinf)



Triangular lattice

Low T p/2 QA_%WZGB_%W:QC
p/2 9A+4?W=93+2?ﬂ:9c

IT ~ (0,sin @, cosh,0)

I} ~ (cos

6,0,0,sin6)




Triangular lattice = (h, o)
ug = (da,d1);
Low T: p/2 9,4—4;:93—2%290 uz = (dy, —ds);
Uyqg = (—dg,dl).
4 2
,0/2 9A+?ﬂ-:93+?ﬂ:90
1 -1 -1 I? ~ (0,kin 8, cos 6,0
1 5 » ~ (0,sin0, cos 6, 0)
so(20) At
0 A 2 7 12
2 2 l;tw cos6,0,0,sin )
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= COS QU1 + Sin ay;

— sin ] + Cos ug;

=
B
|

Ug = cOS Bus + sin Puy;

u, = — sin fus + cos fug.

IT ~ (sinasin @, cos asin @, cos 3 cos 6, — sin B cos )

I¥ ~ (cos o cos §, — sin o cos 0, sin B sin 0, cos Asin 6)



U1 = COS QU] + SIN QUg;
u"z — —sinaui + Cos aug;
us = cos fug + sin Suy;
uh = — sin Bus + cos Bua.

(sinasin 6, cos asin 6,

(cos a cos 6, — sin & cos

cos B cos 6, —sin 3 cos 6)

6, sin (sin 6, cos Bsin 6)



U1 = COS QU] + SIN QUg;

o’
(sin asin 6, cos asin 6, cos B cos 6, —

(cos acos b,

— sin @ Cos

6,sin Bsin 6

Uy = — SIN QU] + COS QU;
Ug = cOS Bus + sin Puy;

u, = — sin fus + cos fug.

-sin 3 cos 6)

,cos (sin f)




U1 = COS QU] + SIN QUg;

Uy = — SIN QU] + COS QU;
us = cos fug + sin Suy;
uy = — sin Bus + cos Bug.

IT ~ (sin asin 8, cos asin @, cos B cos 6, + sin B cos )

I¥ ~ (cos o cos §, — sin o cos 0, sin B sin §, cos A sin 6)




f L]
U7 = COS XUy + SIN Uy,

u"z = —sin oquj + CoOS ug;

us = cos fug + sin Suy;

uy = — sin Bus + cos Bug.

(sin asin 6, cos a sin 6, cos 5 cos 6, — sin 5 cos 6)
(cos a:cos B, — sin acos 6, sin B sin §, cos [ sin §)
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Ising model
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2D square lattice XY
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Temperature resolved PCA

Triangular lattice
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Union Jack lattice

~

0

T, <T <T,

Two well separated phase transition:
12 =0.43) Z2chiral, U(1) on B
T1=0.64) U(1)on AC

J. P. Lv et.al Phys. Rev. B 87,024108 (2013)



Union Jack lattice

T, <T<T,

Ak 40,

20 -

0

Two well separated phase transition:
12 =0.43) Z2chiral, U(1) on B
T1=0.64) U(1)on AC



Union Jack lattice

)\k 40,

20

0

* e
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T, <T<T,

dp ~ (2,—1,-1)

dy ~ (0,1,-1)

Two well separated phase transition:
12 =0.43) Z2chiral, U(1) on B
T1=0.64) U(1)on AC



Union Jack lattice
T, <T < T,

0.8

Two well separated phase transition:
12 =0.43) Z2chiral, U(1) on B
T1=0.64) U(1)on AC




Union Jack lattice

- - |=18"36
- e =24%48
- - L=36"72




Summary

1. PCA on XY model in square ,trianqular and union-jack lattice

2 “Toy” model understanding

1. Temperature resolved analysis



Outlook

1. Kernel PCA

2. Neural network



[hank you very much/!



Introduction to kernel PCA

S=+ Y (zn—3)(zn —2)T.



