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Materials science Life science

Planetary science
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Spectroscopy

Spectroscopy

Some pictures have been removed from
the original version due to copyright.
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Natural broadening
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Thermal Doppler broadening

K: Peak number
μk: Energy level
ak: Number density
ρk: Temperature
γk: Lifetime

Physical parameters
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Effective model of spectrum



AIST-TohokuU Mathematics for Advanced Materials-OIL (MathAM-OIL)

How many peaks are there?
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2=K 3=K 4=K
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Peak fitting: Learning in
radial basis function network
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Peak fitting: Learning in
radial basis function network
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Peak fitting: Learning in
radial basis function network
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Bayesian spectral deconvolution
[Nagata et al., Neural Netw., 2012]

[Watanabe, Neural Compt., 2001]
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Overfitting: Underrate unknown noise

[Watanabe, Neural Compt., 2001]



AIST-TohokuU Mathematics for Advanced Materials-OIL (MathAM-OIL)

K
( )0wnEn

2

2=K 3=K 4=K

12 -< bs

nb log1-l

( )KFn
~

( ) ( )( )å
=

-=
n

i
iin wXfY

n
wE

1

2;
2
1

( ) ( )å
=

÷÷
ø

ö
çç
è

æ -
-=

K

k k

k
k

xawxf
1

2

2

2
exp;

r
µ

( ) ( ) nbwnEKFn log~ 1
0

-+= l

Noise Var.:RBF
network :

Square error:

Evaluation
function :

11

Underfitting: Overrate unknown noise

[Watanabe, Neural Compt., 2001]
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Aim of this study

• Propose a framework that enables the joint 
estimate of peak number and noise variance from 
the observed spectrum by modifying the previous 
framework of Bayesian spectral deconvolution
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ST, K. Nagata and M. Okada, J. Phys. Soc. Jpn. 86, 024001, 2017.
(arXiv:1607.07590)
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Model:
The forward problem
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Natural broadening
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K: Peak number
μk: Energy level
ak: Number density
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Effective model of spectrum
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Statistical model of spectroscopy
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Statistical model of spectroscopy
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Bayesian formulation:
The inverse problem
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Bayesian inference

∵ 𝑝 𝐴, 𝐵 = 𝑝 𝐴 𝐵 𝑝 𝐵 = 𝑝 𝐵 𝐴 𝑝 𝐴
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Bayesian hierarchical modeling
{ }niii YXD 1, ==
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Posterior distribution
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Posterior distribution
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Bayesian hierarchical modeling

Peak number

{ }niii YXD 1, ==
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Bayes free energy
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Statistical physics Bayesian inference
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Mathematical correspondence
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Mathematical correspondence

Utilize the calculation methods of 
free energy in statistical physics for 
Bayesian inference thanks to their 
mathematical equivalence



AIST-TohokuU Mathematics for Advanced Materials-OIL (MathAM-OIL)

( ) ( )
( )bKF

bKXYpbK

n
bK

nn

,minarg

,,maxarg:,

,
=

=
!!

( ) ( )
( ) ( )

( ) ( )( ) ( )

( )

( ) ( ) ( )ò
ò

ò

=

=

--=

--=

-=

',,:

'1

explog1:,~

2loglog
2

,~

,,log:,

'

0 '

bKDwpwEdwwE

wnEdb
b

KwwnbEdw
b

bKF

bnbKFb

bKXYpbKF

nbn

b

bn

nn

n

nn
n

j

p

26

Thermodynamic integration

Need to compute “thermal average”

𝑛
𝑏 𝐸+ 𝑤 ,-
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Exchange Monte Carlo method
[Hukushima & Nemoto, J. Phys. Soc. Jpn.,1996]
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Exchange Monte Carlo method
[Hukushima & Nemoto, J. Phys. Soc. Jpn.,1996]

𝐸+ 𝑤 ,. =
1
𝑀1
2𝐸+ 𝑤13
4.

356max210 bbbb L =<<<= !

How about interpolation? 

Only a finite number L of candidates
of the optimal value 𝑏 = 𝑏7 ∈ 0, 𝑏:;< ,
which minimize 𝐹+ 𝐾, 𝑏

Disadvantages

Fast relaxation and good match for 
parallel computing

Advantages
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Multiple histogram method
[Ferrenberg & Swendsen, Phys. Rev. Lett., 1989]
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Demonstration:
Why the joint estimate of peak number and noise variance

30
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Measurement (forward problem)
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Simulation
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Simulation
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ak μk ρk
Peak 1
(k=1)

Est. 0.579±0.054 1.257±0.040 0.144±0.025
True 0.587 1.210 0.102

Peak 2
(k=2)

Est. 1.351±0.152 1.461±0.004 0.076±0.006
True 1.522 1.455 0.083

Peak 3
(k=3)

Est. 1.160±0.048 1.703±0.004 0.081±0.004
True 1.183 1.703 0.078

K b
Est. 3 1.029×102

True 3 1.000×102

Estimate physical quantities with error

y

x

y

x

True

Esti-
mated

33

Result
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34

Joint estimate of 
peak number and noise variance
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Margi-
nalize

𝑃 𝐾 𝐷 =
∫ 𝑑𝑏,CDE
F exp −𝐹+ 𝐾, 𝑏

∑ ∫ 𝑑𝑏′,CDE
F exp −𝐹+ 𝐾, 𝑏′�

N
0 ≤ 𝑏 ≤ 𝑏:;<

35

Posterior probability of peak number

Discuss physical validity with these probabilities
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36

Inseparability of 
peak number and noise variance
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Inseparability of 
peak number and noise variance

Is there any need to estimate noise 
variance if peak number is known?

Yes!
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(a) (b) (c) (d)

38

Posterior distribution of energy levels
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Estimate of energy levels depends on the setting of 
noise variance even if the peak number is known

You should estimate noise variance jointly!
39

Posterior distribution of energy levels
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Summary

• Propose the framework that enables the joint 
estimate of peak number and noise variance from 
the observed spectrum by modifying the previous 
framework of Bayesian spectral deconvolution
‒ Utilize the relationship between Bayesian inference and 
statistical physics

‒ Show the inseparability of the estimate of peak number 
and noise variance

ST, K. Nagata and M. Okada, J. Phys. Soc. Jpn. 86, 024001, 2017.
(arXiv:1607.07590)
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