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Concepts of Topological Insulators (TIs)

Example 1:
Integer quantum Hall effect (IQHE)
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Example 2: Quantum spin Hall effect (QSHE)
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Classification afonrinteractingfermionic TIs

AMathematical setup
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Generalization to interacting particles?

Alnteracting fermions?

Hipe = Zf*Ha ofo + Y Uabeald fifefa+-
a,b,c,d

Alnteractmg bosons/spins?

(Typically they fornBoseEinstein condensate/Magnetic orders
If non-interacting)

AClassification of interacting topological stat@s
symmetry protected surface/edge states?



Symmetry Protected Topological (SPT) states

AGappedlocal Hamiltonian
AUniqueground state on any closed manifoNdg.s degeneracy
ASymmetry protectecsurface/edge staten an open boundary

Simplest examplad=1 Haldane phase in AKLT model
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Where to findinteractingSPT states w>17?

U Higher than 1 dimension: hard to realize Skeffse( than
unrealistic but exactly solvable models

AHow tosolve theg.s wavefunctionof an interacting
systent?

nteracting 2V _dim. vs. N-dim. Nonrinteracting

AHow tocompute topological invariant of SPTsom the
many-body ground state?

Any magic trick | LiebSc_:huItzI\/Igttis Theorems
without computing theg.s? for Interacting systems



TheLiebSchultzMattis (LSM) theorem

U Simplest example: metals vs. insulatc

Half-filling: Y2 electron per unit cell
Lattice translationsymmetry

U(1)charge conservatiosymmetry PRI

O—0—CO—8—CO0O—80—C

Impossibleto havean insulatompreserving translation sym.!

No-go theorem applicableto interacting bosons/fermions

Lieh SchultzMattis (1961) Oshikawa2000) Hastings (2004yarameswararet al (2013)
Roy (2012) Watanabe et al (2015) Cheng et al (2016) Po et al (Ra@a&) al (2017X



Ingredients of a LSM Theorem
Microscopic Ultraviolet) input:
Hilbert spaced.g. filling + Translation Sym. + Global Sym.

Microscopic [nfrared) Output: Ground State Properties
A

A unique gapped ground state

Powerful. apply to interacting bosons and/or fermions
In different spatial dimensions



Main resultsa new class of
L SMtype theorem for SPT phasesir?
Microscopic Ultraviolet) input:
Hilbert space +agnetic Translation Syn# Global Sym.

$

Microscopic [nfrared) Output: Ground State Properties

A unique gapped ground state
must be a SP{invertible) phase!




MagneticTranslationSymmetry

AUniform magnetic fieldy
Magnetic translation symmetry= Translationt+ large gauge transformation
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LSM theorem fofermionicSPT/invertible phases dx2

Topological superconductors

P

Output of LSM theorem

Physical sty{s Microscopic input
Iyé tions Symmetry d.g.f. per Fll.J_X per ’.I‘Opo.logical Edge states |Chiral central
/ group unit cell unit cell invariant charge
D /Majorana (—l)ﬁ Odd Majoranas o= v = odd Chiral Majorana| c— =v/2
/vortex lattice[26] {71, -, ven-1} €7
DI’ Kitaev-type 72 = (—=1)¥ |Odd Majorana b= v=1 Helical Majorana c. =0
spin liquid|27] Kramers pairs € Z2 =1{0,1}
A _ |Integer QHE in U(1)charge Charge e - py ¢ =2m¢ ||poxy = qpy mod g| Chiral fermion Co = Ogy
\\Hofstadter models Ty € 7 mod 8[20]
All SHE in m-flux ||U(1)charge Charge ¢ - py b= v =1 Helical fermion c_ =0
\KQ@”% 72=(-1F | (py=o0dd) € Z, ={0,1}
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Application 1IQHEclass Ain Hofstadter models

Oy %\: ﬁ\II}Od 1

Hall conductance  Flux per unit cell Charge (filling) per unit cell
in unit of 2 /

Haltfiling: p= 4 “sflux @ =TT ==>0,, =1 mod 2

Noninteracting proof: DanaAvron Seller (1985)
Interacting proof: YML, Ra@shikawaarXiv1705.09298



Example 1.1: hafflling + -flux Hofstadter models

A~ -flux per unit cell at half filling ~ ‘
(half electrons per site) |

ASquare/triangularkagomef | 0 0 A g8

Common feature:

A Two Dirac cones with N.INoppings

A Only mass term preserving magnetic
translationA

IQHE withChernnumber+1l




Example 1.2: magnetic insulators
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Martin, Batista, PRL (2008) Tao Li, EPL (2012



Application 2QSHEclass A}linp-flux models

Alnput: [)f c /, fermions + gb — 7T fluxperu.c
U(1) charge conservation #me reversal symmetry

AOutput: Topological index v = p¢ mod 2 for al
unigue gapped ground state
- o < | /E/k
AA unique gapped.s must exhibit QSHE asH !
with odd fermions per unit cell A— : \i

massless Dirac fermions

Wu, Ho and YMIarXivl1703.047762017) Fiqure from Qi et al (200
igure from Qi et a ¢



Example 2
“ -flux on square lattice witlspin-orbit coupling

Left edge mode
| i —— Right edge mod

_ Energy spectrum with open boundary



